In the intersecting brane configurations with any number n of extra dimensions, we obtain a localized gravity on the n orthogonal non-solitonic or solitonic (n + 2)-branes in the presence of higher curvature terms. In the presence of such terms there would exist a non vanishing brane tension at the four-dimensional brane intersection of the (2 + n)-branes. The effective 4d Planck scale M P l is determined in terms of the fundamental scale M * and the AdS curvature scale k −1 . With explicit expression of graviton propagator at hand, we find the power law correction to Newtonian gravity on the brane. As examples, we discuss some aspects of the localized gravity in AdS 6 space, the solitonic 4-brane solution in AdS 6 and 5-brane solution in AdS 7 .
Introduction
It has been known in both versions of the brane-world picture -large and extra dimensions, and warped extra dimensions -that the Einstein gravity can be combined with a non-factorized structure of an AdS 4+n metric and a positive tension 3-brane (or intersections of (n+2) branes). Of particular interest towards this new avenue of brane-world is the Randall-Sundrum second brane-world proposal [1] with a non-compact fifth dimension (we simply refer as RS model), and subsequent generalizations in a discrete patch of AdS 4+n space with n intersecting (n + 2) non-solitonic branes [2] 1 (see Ref. [3] for "crystal" multibrane-world solutions) or solitonic branes [4] , and various other intersecting brane-world constructions [5, 6] . Regardless of the symmetrically or asymmetrically warped space-time geometry, in the brane-world picture, in general, a four-dimensional low-energy effective theory does not follow from the usual Kaluza-Klein (KK) compactification. However, the zero-mode truncation of the 5d AdS theory coincides with the usual linearized (3 + 1)-dimensional gravity. A construction of brane-world theory with large extra dimension(s) itself could be a remarkable progress in particle and gravitational physics in the sense that there one has some explicit realizations of trapped 4d gravity to the brane embedded in AdS 4+n space. In this regard, one may also hope to have localizations of ordinary matter and gauge fields on this (3 + 1) dimensional manifold, if such a brane is the D-brane-like object of M /string theory.
Brane-world constructions with a single or multiple branes have revealed interesting consequences and new possibilities for particle physics and cosmology [7] , beside suggesting new resolutions of the mass hierarchy problem [8] . In particular, the RSI model [9] of two branes with opposite branetensions has helped to explain an exponential mass hierarchy from a new angle. One may have to find a reasonable mechanism to make the relative distance between the branes -i.e., compactification moduli or radion -fixed in any multi-brane world construction of the RSI [9] type or its variants [10] .
There also arise new issues of cosmological constant problem [11] , and a model to tackle this problem and extremely small gravitational Lorentz violating effects in asymetrically warped spacetimes was discussed in [12] .
In the intersecting brane-world scenarios [2, 3, 5, 6] , on the other hand, a 3-brane given by the four-dimensional intersection of (2 + n)-branes (n ≥ 2) with larger codimensions may be regarded as our universe. In this picture, though each extra dimension could be infinitely large, the effective size (L) of n extra spatial dimensions is supposed to be only macroscopically large 1µm (for n ≥ 2) [13] or much larger than their natural value M −1 P l ∼ 10 −33 cm. Specifically, the effective 4d Planck mass is given by
In particular, the term non-solitonic is not yet widely in use, so one could just call this object as a "normal" or RStype brane supported by δ-function-like source(s). A solitonic brane, which arises from the special fine tuning between the bulk cosmological constant and the Gauss-Bonnet coupling [4] , is defined by the statement that the brane localized stress energy tensor is identically zero.
where the effective/proper volume V n of the extra spaces
is finite. ξ is a coupling constant, which arises when Gauss-Bonnet term is introduced into the Einstein-Hilbert action, k is the inverse of AdS 4+n curvature scale, and L is the effective size of n extra dimensions.
As stand now, string theories are only consistent theory of quantum gravity with many extra codimensions. Thus, it is hopeful that a certain version(s) of string/M theory in 10 or 11 dimensions may explain localization of gravity on the four-dimensional intersection of higher dimensional branes.
Recently, Karch and Randall proposed [14] a string realization of the AdS 4 brane in AdS 5 that is known to localize gravity. In their theory gravity is localized in M D5 branes in the near horizon geometry of N D3 branes. So it appears that intersecting multiple branes are sufficient to realize fourdimensional gravity. Also, an important aspect of multiple brane constructions [5, 6] is the realization for multiplicity of possible field theory vacua required to construct the standard model particles and gauge fields. An important observation to us is that the string theories or conformal anamolies in all quantum field theories coupled to gravity naturally admit the higher order curvature terms. Also, we find rooms to believe that the Einstein-Hilbert action when suplemented with higher curvature (HC) terms (either in Euler invariant form or in arbitrary order) can properly explain the qualitative internal structure of the brane-world gravity for n ≥ 1.
With these considerations, various aspects of brane-world models by introducing HC terms, with or without dilatonic couplings, were studied in numerous papers including that of [15] [16] [17] [18] [19] [20] [21] [22] . These constructions are important, because in all fundamental string/M-theory or viable brane-world theory the graviton enjoys the company of scalar partners (the dilaton, radion, etc.), and also the relativistic theory of gravitation on the brane naturally admits HC terms. For simplicity, one could introduce them as a ghost-free Gauss-Bonnet (GB) invariant, which not only reproduces higher dimensional topological gravity, but also ensures that the world volume gravity on a brane is effectively fourdimensional. As what one would expect, the GB term does not affect the massless mode (m 2 = 0) of the graviton wavefunction [15] , and the Einstein gravity on a brane. A non-trivial GB coupling, nonetheless, redefines the effective 4d Newton constant on the brane, contributes additionally in the correction term to the Newton's law, provides information about the boundary condition(s) on the brane(s), and modifies the behavior of gravity in bulk.
In this paper we are interested in constructing brane-world solutions for n > 1 with GB term, for this may shed more light toward the embeddings of the RS scenario into the general AdS 4+n spaces.
For example, to regard the 3-brane tension of intersecting (2 + n) branes as the true vacuum energy of the visible world, one may have to introduce the HC terms because such terms even in a pure gravitational AdS background support feasible singularities at the branes, and also allow a non-trivial brane tension or 4d cosmological constant. This means that inclusion of HC terms may qualitatively change the gravity in higher dimensions and may allow brane solutions with static worldvolume with a non-zero tension at the brane intersection.
A more general discussion of the RS singular 3-brane model with perturbations of bulk geometry and construction of localized gravity in an AdS box was given in [23] . An extensive treatment in d-dimensions [24] , and localized gravity in supergravity domain walls [25] have also discussed in the literature. Further, gravity localization for n = 2 as the local string defects in AdS 6 space has been the subject of numerous papers, including [26] , and an extensive work with co-dimensions three has appeared in [27] . In this paper, we explicitly recover a localized gravity to the intersection of n intersecting (2 + n)-branes lying in infinite AdS 4+n space by introducing HC terms in the GB combination. We also point out some important features of localized gravity in general (4 + n)-dimensions, and power law corrections to 4d Newtonian gravity observed at the intersection of higher dimensional non-solitonic and solitonic branes.
The rest of paper is organized as follows. In Sec. 2, we give the general set-up of our effective gravitational action and the linear perturbation equations. In Sec. 3, we determine the effective 4d
Planck mass and discuss some salient features of localized gravity in general D-dimensions. Sec. 4
deals with the behavior of gravity in AdS6 space. In Sec. 5 we give the expressions for graviton propagators in general AdS 4+n space and focus upon n = 1 case. In Sec. 6 we elucidate upon the solitonic brane solutions with a particular choice of the GB coupling and Sec. 7 contains summary and outlook.
The general setup
We start with the following effective action in (4+n)-dimensional space-time (M ), where ∂M represents the (3 + n)-dimensional boundary,
Here a, · · · , d = 0, 1, 2, 3, 5, · · · (4 + n), where x µ (µ = 0, ..., 3) are the usual brane coordinates with Lorenzian signatures and z i (i = 1, ..., n) are the coordinates of extra n-dimensional transverse spaces.
Λ is the (4 + n)-dimensional bulk cosmological constant, Λ i are the brane tensions of the n intersecting (n + 2)-branes, Λ i,j are (n + 1)-brane tensions, and λ is the four-dimensional brane tension at the common intersection of higher dimensional branes. The (4 + n) dimensional mass term is defined
coupling α has the mass dimension of M n * , for example, for n = 1, one defines α = M * α ′ , where α ′ is the dimensionless GB coupling.
For simplicity we set L bdry 1,2 = 0. Then the graviton equations of motion derived by varying the action (1) w.r.to g ab take the form
and where H ab , an analogue of the Einstein tensor stemmed from the GB term, reads as
In Eq. (2), the indices (p, q) take (n + 3) possible values, while (r, s) take only (n + 2) possible values.
For example, in D = 7, (p, q) = (0, 1, 2, 3, 6, 7) at z 1 = 0; (0, 1, 2, 3, 5, 7) at z 2 = 0; (0, 1, 2, 3, 5, 6) at z 3 = 0. While, (r, s) = (0, 1, 2, 3, 7) at z 1 , z 2 = 0; (0, 1, 2, 3, 5) at z 2 , z 3 = 0; and (0, 1, 2, 3, 6) at z 3 , z 1 = 0, and so on. The (2 + n)-brane tensions Λ i multiply only δ(z i ) (i.e. the terms involving only one delta function), Λ i,j multiply two delta functions, and the brane tension at the common intersection (λ) multiplies with, in general, the product of delta functions δ(z 1 ), · · · , δ(z n ). In D = 7, for example, λ is multiplied with δ(z 1 )δ(z 2 )δ(z 3 ). However, the local curvature squared terms in GB combination can support brane configurations only upto a product of two delta functions, thus for n > 2, one finds λ = 0, but Λ i,j take in general non-zero values at the brane intersection(s). Noticeably, when D = 6, Λ 1,2 will be replaced by λ, which has a non-vanishing value at the intesection of two 4-branes. In general, in order to expect a non-zero λ in D > 6 (n > 2), one may introduce the curvature squared terms in generic form rather than in GB combination or higher derivative action including say, R 3 -term.
A general (4 + n)-dimensional metric background possessing 4d Lorentzian symmetry is described by
As stated above i, j = 1, 2, · · · n count the number of transverse spaces. One can express the metric (4) in the following form, which represents the Poincaré half parametrization of AdS 4+n bulk,
where L is the length scale to be determined by the (4+n)-dimensional bulk cosmological constant. As discussed in [2] , by a rigid O(n) rotation of the n extra dimensionsz, Ω n−1 , such thatz =
and rescaling x, z, one can reexpress this metric in a form
. This is automatically a solution to the modified Einstein equations (2) . The curvature length L can be interpreted as the effective/compactification size of n extra dimensions [2] , even though each extra dimension can be infinitely large.
Now in order to exhibit localized gravity to the intersection of (2 + n)-branes in (4 + n)-dimensions with HC terms in GB combination, one can look at the linear pertubations about the background given by (6) . To construct it, we perform a conformal tranformation g ab = e −2A(z)g ab , where A(z) = log(k i |z i | + 1), and perturb the background metric asg µν = η µν + h µν (x, z). Finally, the linearized field equations for graviton h µν , in the gauge h µ µ = 0, ∂ λ h λµ = 0, take the form 3
where
Henceforth one has to understand that the indices i and j both can take face values from 1 to n if they are not contrained like i = j. As an example, for n = 1 the second term in the second square bracket would be absent. We should note that in a thick brane limit, one has to replace ξ by ξ n n i=1 sgn(z i ) 2 , which is essential for regularizing the δ-function. Obviously, in the above linearization scheme one does not notice the fine funed parameters. In order to see them explicitly, however, one must consider the linear expansion, to the first order in h µν , given by δG ab +κ 4+n δH ab = κ 4+n δT ab . In this approach, to find a consistent solution one has to fine tune the brane tensions and the bulk cosmological term as in the original RS model [1] , which keeps the 3-brane flat. Being more specific, in the gauge h µa = 0, the difference (δG µν + κ 4+n δH µν )− (δĜ µν + κ 4+n δĤ µν ) would rise to give the following expression (see the Appendix A)
2 In fact, in (4+n)-dimensions with n intersecting (n+2)-branes, a general solution to modified Einstein field equations, which admits a normalizable 4d graviton, takes a form A(zi) = log ki|zi| + 1 , where zi = z1, z2, · · · count extra spaces and ki = k1, k2, · · · are the inverse of AdS curvature radii, and we assume k1 = k2 = · · · = k for simplicity. The latter choice keeps the metric (5) manifestly symmetric under permutations of all extra n dimensions. 3 Our approach is similar to that of Ref. [6] . So in deriving the Eq. (7), we use the linear equation δĜ ab +κ4+nδĤ ab = 0, where δĜ ab = δG ab −Ḡach b c , δĤ ab = δH ab −Hac h b c andḠ ab =T ab (see the Appendix for details).
This precisely gives those terms which are to be fine tuned as in the original RS model [1] . As Eq. (7) is not yet in a canonical form, we shall rescale h µν by the parametrizationh µν = e −(n+2)A(z i )/2 h µν , more on it we discuss in the next Section. In terms of the fluctuationh µν , the fine tuned part of the equations of motion linear inh µν , using the background metric (6), explicitly takes the form
where ξ = 2n 2 (n + 1)
It should be stressed that in the full linear expansion δG µν + κ 4+n δH µν = κ 4+n δT µν , the fine tuned terms are those which do not involve any free derivatives of the extra coordinate(s), and therefore the intrinsic forms of the fine tuned relations are unaltered under the rescaling of the metric fluctuations. When one considers the full non-linear field equations both in the bulk and on the brane(s), the tuning of the brane tensions emerge as necessary boundary conditions on the brane(s), while the bulk part amounts to express Λ in terms of k 2 , i.e., the inverse square of the AdS curvature scale. In other words, there exist exact solutions to the modified Einstein field equations when the following relations are satisfied
These are just the fine tuning conditions imposed in [1] , and may be generic for the symmetrically warped flat brane models. A difference here is that Λ , Λ i and Λ i,j involve contribution from the GB coupling α, and the last one is absent for the Einstein-Hilbert action (i.e. in the original RS model,
is simply replaced by λ. Thus, obviously, for a non-trivial α, there is brane-brane interaction tension localized at the four-dimensional intersection. It is known that when n = 2, in polar coordinates, any change in λ simply alters the deficit angle in the core of the intersection [4] . The above relations hold precisely if there can exist an exact cancellation between the brane and bulk cosmological constants. Any deviation from these fine tuning conditions, however, could bring a change in the intrinsic geometry of the 3-brane world volume from Minkowskian to de
Sitter or anti-de Sitter brane.
Localized gravity in D-dimensions
To obtain a complete 4d mass spectrum, we shall at first express the metric perturbation (graviton) equation, Eq. (7), in a canonically normalized form, i.e. h µν = e (n+2)A(z i )/2h µν . Defining the metric perturbation in this way, one removes from Eq. (7) the single (linear in) derivative term from the first square bracket, so that the kinetic term can have the canonical normalization
We note that for ξ = 0, a single derivative ofh µν in a combination with δ(z) sign(z) will still be present in the second square bracket of the Eq. (7), but this is not problematic rather a bonus point, for such terms indeed provide the necessary boundary condition(s) on the brane(s), and also smoothly regularize the zero energy solutions on the brane (see, for example, the case of n = 1 at the end of this section). The latter feature is absent for the action only with Einstein-Hilbert term or in the original RS model.
Let's make a change of variablesh µν (x, z) ≡ĥ µν (x)ψ(z) = ǫ µν e ip·x ψ(z), where ǫ µν is the constant polarization tensor of the graviton wave function and
This indeed implies that (i) ψ(z) is the conventional quantum mechanical wavefunction, and (ii) had
we not chosen the coordinates in a conformally flat form, the kinetic terms in the x and z directions would have had different conformal factors, but the redefinition of the metric h µν = e (n+2)A(z i )/2h µν puts the action in the canonical form by absorbing the conformal factors.
Expressing the metric fluctuations thus in terms ofh µν (or ψ(z)), the linear equations (7) read
But here we should aware the readers that in the thick brane limit, i.e. in order to regularize the δ-function, one must replace the coupling ξ by
It might be relevant here to discuss some generic features of the above linear expression. The 4d masses are determined by the eigenvalues of an n-dimensional Schrödinger equation, the case of n = 1 was previously reported in Ref. [15] .
Obviously, for α = 0 (or ξ = 0) there is no term involving two delta functions on the l.h.s. of Eq. (13), thus a non-zero (n + 1)-brane tension at the intersection of n orthogonal (n + 2)-branes is not allowed.
However, for a non-trivial α, the latter is evident, making a realization of non-zero (n + 1)-brane tension possible to explain the vacuum energy generated on the intersection of (2 + n) branes after a symmetry breaking (phase transition) in (4 + n) dimensions.
In order to study the localization of gravity on a solitonic 3-brane embedded in AdS 6 space, a fine tuning condition between the bulk cosmological constant and the GB coupling α,
was imposed in [4] , which simply corresponds to the choice ξ = 1, via. the bulk solution for k 2 ,
Indeed, this additional tuning condition ξ → 1 enforces the dimensionless GB coupling α ′ to take the
This might be interesting as the ratio between L and M −1 * uniquely fixes α ′ , the latter measures the strength of gravitational interaction between the HC terms and the brane-localized fields. However, the choice ξ = 1 may not be a physical one for the study of non-solitonic (n + 1) brane (i.e., brane supported by sources) embedded in AdS 4+n space. This is because (1 − ξ) > 0 is necessary to expect a non-trivial contribution of KK kernel as small corrections to the standard 4d Einstein gravity (see, for example, the case of n = 1, Eq. (54), where 1 − ξ = 0 implies no correction to potential since all higher order correction terms also involve this factor). In fact, as we see below, one also has to satisfy 1 + ξ > 0 to ensure a finite 4d gravitational coupling. Nonetheless, with the choice ξ = 1 one can study gravity confined to a solitonic brane by explicitly obtaining n copies of the RS-type equations involving bulk propagation of gravitons in one lower codimensions. Notice that in this case as we set (1 − ξ) −1 → ∞, there will be no bulk propagation in 4 + n dimensions. In physical sense, the gravity confined to a solitonic 3-brane is made so massive that there is no 4 + n-dimensional bulk propagation of graviton. However, the continuum modes can propagate in one lower codimensios i.e., 3 + n dimensions, and in the limit ξ → 1 gravity localized to solitonic branes has a rich structure. We will be more detailed about this case in the Section 6.
Here let's now briefly discuss some salient features of the massless graviton mode that can be understood from Eq. (13) . A finite 4d gravitational coupling (or the Planck mass) indeed ensures that the ordinary four-dimensional graviton is present as a massless and normalizable zero mode solution of the theory. The former one can be calculated by reading off the coefficients of −m 2 , and integrating over the extra dimensions, i.e.,
This can be justified by finding the exact expression for the (4 + n)-dimensional graviton propagators or by integrating out the 4d part of the metric, i.e. replacing η µν in Eq. (6) byĝ (4) µν (x), then inserting the metric into the action (1), and finally integrating over the extra dimensions. In the latter case, we
where the effective 4d Planck massM P l andα, the 4d analog of the D-dimensional GB coupling α,
and,α
The Planck massM P l obtained above is the same as the one obtained in Eq. (17), and one can also recover the same expression from the exact analysis of the graviton propagator in general (4 + n)
dimensions. Of course, to ensure the positivity of the four-dimensional graviton coupling, i.e., G 4 > 0 and to preserve the unitarity (i.e., for a definite positive-norm states) condition with GB term, one needs both (1 + ξ) > 0 and α > 0. A clear logrithmic divergence ofα for n = 0 is attributed to the fact that in 4d the GB term is simply a total derivative or topological combination, and hence does not pose any problem since one can simply drop this in arriving only with the standard 4d Einstein-Hilbert action.
We already know that in AdS 4+n space the 4d massless graviton corresponds to a bound state with the wavefunction, up to normalization,
This mode describes the usual four-dimensional gravity at the brane intersection for n ≥ 2. The zero-mode wavefunction clearly depends on z i non-trivially, in contrast to the KK theories with a factorizable geometry. With (21) , the second square bracket in the Eq. (13), for massless graviton mode m 2 = 0, would rise to give a non-trivial term
which cancels with the last term with opposite sign in Eq. (13) . This means that the fine tuning conditions (10, 11, 12) are unchanged under the Fourier expansions of the fluctuations or rescaling of h µν . Evidently, in 4 + n ≥ 5, the massless mode of the graviton fluctuations is unaffected by the higher curvature terms in GB combination, except renormalizing the Einstein constant at the brane intersection. Clearly, for |z i | >> k −1 , one recovers the n-dimensional RS potential, that is to say the gravity in the bulk is not delocalized by the GB term. However, for the KK continuum modes, the GB term will modify the propagators and gives a power law correction to Newtonian gravity with an extra factor in the correction term(s). To see this explicitly, we here briefly review the case for n = 1.
The Eq. (13) for n = 1 explicitly reads as
Of course, for a trivial ξ (i.e. α = 0) we recover the RS-type one-dimensional Schrödinger equation.
We should note that in order to properly regularize the δ-function we must replace ξ above by (ξ/n) × n i−1 sgn(z i ) 2 , thus for n = 1 we replace ξ by ξ sgn(z) 2 . The above equation can be written as
where ξ = 4α ′ M −2 * k 2 . Also notice that in D = 5 case, we have e A(z) = 1 + k|z|. Eq. (25) is nothing but the Eq. (56) in Ref. [18] , except a difference that there the authors have set sgn(z) 2 = 1 and also e −A(z) δ(z) → δ(z) with the choice A(0) = 0. It might be important to note that the function sgn(z) is defined to vanish for vanishing argument and only for z = 0 one can use sgn(z) 2 = 1. That is one should not already set sgn(z) 2 = 1 when it is being multiplied with δ(z), instead one has to properly regularize the δ-function by keeping track of the function sgn(z) 2 whenever necessary.
The Eq. (25) can also be expressed in the following form
The attractive δ(z) term implies the existence of localized gravity for the zero mode wavefunction. It is important to understand whether or not the specific solutions with the Gauss-Bonnet term (i.e. ξ = 0) are normalizable. Our answer to this turns out to be positive (see the Section 5 for the propagator analysis, which is a good first test of the linearized approximation). To see this let us first consider the RS case, where one sets ξ = 0. We already know in the n = 1, ξ = 0 case that the properly normalized 4d massless graviton corresponds to the bound state (zero-energy) wavefunction given by (see for example Refs. [1, 6] )
In the ξ = 0 case, this wavefunction exactly satisfies the Eq. (25) on the boundary at z = 0 when m 2 = 0, which implies that the 5d graviton has a normalizable zero mode localized near the 4d brane. This is why the second RS model [1] is a compactification, albeit the fact that the regularized AdS space has an unbounded tranverse coordinate.
In order to satisfy the boundary condition at z = 0 in the case ξ = 0, one can still insert the above zero-energy solution 4 into the Eq. (26) . Then the terms in the second square bracket when operate on ψ 0 (z) rise to give the following non-trivial boundary terms (for the regularized δ-function)
Since sgn(z) 2 δ(z) = 
The details of n = 1 case, in particular, the graviton propagator analysis, were previously reported in
Refs. [15] and [16] . 4 We note that this is, up to a normalization factor, also the zero energy wavefunction for ξ = 0 case. For a properly normalized massless solution, it is given by ψ0(z) ∼
Gravity in AdS6 space
For n = 2, the effective two dimensional analog Schrödinger equation takes the following form
. Evidently, the bound state (massless) graviton wavefunction, again up to normalization, is ψ 0 (z 1 , z 2 ) ∼ e −2A(z 1 ,z 2 ) . By repeating the δ-function regularization scheme we discussed for n = 1, m 2 = 0 case in the last Section, we find from Eq. (28) the following two boundary conditions
With these zero energy solutions at z 1 = 0 + and z 2 = 0 + , the square bracket term in Eq. (29), via δ(z 1 ){· · ·} + δ(z 2 ){· · ·}, would each rise to give a non-trivial boundary term at z 1 = z 2 = 0 + . The sum of these two non-trivial contributions at z 1 = z 2 = 0 + , however, cancels with the last term with opposite sign, hence we find that the fine tunings between the GB coupling and the 3-brane tension given by (12) , including other two relations as well, are unaltered. We will not reproduce the calculation for n ≥ 2 here but simply mention that the argument goes parallel for n > 2. Instead we study the bulk part of the Eq. (28), which is given by
One can separate the variables by defining a new set of coordinates (u, v), viz.
so that Eq. (30) becomes
whereψ(u, v) ≡ ψ(z 1 , z 2 ). Eq. (32) can be separated as
where we have definedψ(u, v) = ϕ(u) ϕ(v) and m 2 = 2(m 2 u + m 2 v ). Since the continuum KK states have all possible m 2 > 0, the mass squared m 2 u , m 2 v also can have only positive energies or eigenvalues, and the latter ones do carry the meaning of Hamiltonian in quantum mechanics.
Since the Eq. (33) has a vanishing flat potential, the continuum KK modes of the graviton wavefunction ϕ(u) just behave as free plane waves for all mass scales m 2 u . While, the precise continuum mode as a solution of the Eq. (34) is given in terms of Bessel functions and is a linear combination of (|v| + 1/k) 1/2 Y 5/2 (m v (|v| + 1/k)) and (|v| + 1/k) 1/2 J 5/2 (m v (|v| + 1/k)). Now to satisfy the boundary condition(s) implied by the δ-function potential on the branes at z i = 0, we must choose the linear combination
Obviously, for m 2 u , m 2 v > 0, satisfying the boundary condition(s) implied by the δ-function potential on the brane at z i = 0,
where β = 2 ξ/(3(1 − ξ)), the coefficients A m and B m are determined as (in the limit m 2 u → 0)
Finally, the continuum states satisfying the appropriate boundary conditions at z i = 0 are given
There can also exist a continuum mode solution as
However, in this case there will be no bulk propagation along the v-direction, and the continuum modes can only satisfy the boundary conditions at z i = 0 with m 2 v = 0. For the solution (40), there would be 2 n (= 4) sectors in the mass spectrum spanned by
The first state (i) corresponds to the four-dimensional graviton, and the set of continuum states (ii) or (iii), which are localized in one direction, contribute as an integral over the single eigenvalue m u or m v . While, the set of continuum states (iv) contribute to Newton's law as, for two point masses m 1 , m 2 placed on four-dimensional brane intersection and defining
Graviton propagators
In order to study the behavior of five-dimensional graviton propagator, let us set n = 1 in (13), and momentarily change the bulk coordinate to z = k −1 e k|y| . In terms of A(y)(= k|y|), the Fourier modes e q·x ψ(x, y) of the fluctuation h µν in five dimensions satisfy
Here dot represents differentiation w.r.t. y. In order to study the behavior of graviton propagator for a matter-localized brane, one can indeed place a test mass 2π m * on the brane z = 1/k (or on the interscetion of (n + 2)-branes) and ask for the corresponding gravitational potantial U (r) at a distant point on the brane. This can be done by inserting a source G 4+n (2πm * )δ 3 (x)δ(z) on the r.h.s.
of Eq. (43). In order to see the physics more explicitly, we at first need to obtain an expression of the five-dimensional graviton propagator G 5 (x, z; x ′ , z ′ ). This can be obtained by integrating over the Fourier modes
To find this we need an appropriate choice of boundary condition(s) on the brane. SinceȦ(y) has a sign(z)-like discontinuity at y = 0 andÄ = 2kδ(y), one may naively expect that the term likeȦÄ vanishes at y = 0. However, since the termȦÄ does not appear in this combination alone, instead the products amongȦ,Ä and ∂ y appear asȦȦÄ,ȦÄ ∂ y andȦ 2 ∂ 2 y . Thus we cannot simply setȦÄ to zero at y = 0 ignoring other terms. Actually, one has to properly regularize the δ-function 5 . We also have to understand that ∂ y ψ(0 + ) = −∂ y ψ(0 − ), but ∂ y ψ(|0|) = 0. Then the last term of Eq. (41) gives
Similarly, two other non-trivial terms arising from the first two brackets in Eq. (43), namely −4ακ 5Ȧ 2 ∂ 2 y ψ(y) and −8ακ 5Ȧ 2Ä ψ(y), would rise to give
The total non-trivial boundary contribution at y = 0 from Eq. (43) is therefore
The final expression that follows from Eq. (43) after integrating from just below to the just above the brane (i.e., in the neighborhood of y = 0), therefore, implies the following the boundary condition on the brane at z = 1/k
Here ξ = 4α ′ M −2 * k 2 , and m 2 = q 2 = −p 2 is to be understood. In the presence of matter source on the brane, however, one can still satisfy the above boundary condition by imposing a constraint between source terms such that the following equality holds at the brane z i = 0
This is also what the probe calculations of Ref. [29] shows as a fine tuning condition required for stabilizing the distance between the branes.
Satisfying the boundary condition (46) at z = 1/k and the corresponding matching equations at z = z ′ for ψ(z, z ′ ), and the discontinuity in its first derivative, we find for n = 1, for both arguments of the propagator at z, z ′ = 1/k and q/k >> 1,
Now corresponding to the following (n + 4)-dimensional boundary condition at z = 1/k
the (4 + n)-dimensional graviton propagator, for both arguments at z i , z ′ i = 1/k and defining q/k ≡ w, read as
where c 1 is a dimensional constant (c 1 = 4, 64, · · ·, for n = 3, 5, · · ·) and the last expression above involving logarithmic term will be absent for even number of extra dimensions (n = 2, 4, · · ·). Indeed Eq. (50) can be split into zero-mode and KK mode
Obviously, in the low energy scale, q/k (≡ w) << 1 and for n > 1, contribution to the Newtonian potential from the continuum KK modes is almost negligible as compared to the contribution from zero-mode.
At this point it is worthwhile to consider some applications. To begin with, consider the case for n = 1. Then the limiting behavior of the static Newtonian potential due to a point source of mass 2π m * on the brane is read off
where the modified 4d Newton constant is given by
Clearly, for ξ = 1 there is no correction from the continuum KK modes. In fact, in order to avoid anti-gravity effect (G 4 < 0), one effectively has to impose ξ > −1, and the limit 1 > ξ arises from the propagator analysis. For solitonic branes (i.e., the brane solutions in pure gravitational backgrounds), the term (1 − ξ) would be absent. This is obvious, because there is no bulk propagation of graviton in AdS 4+n space. For M * ∼ k, ξ will be in the order of α ′ and small enough. In the limit ξ → 0, one obtains the relation M 2 pl = M 3 * k −1 and also recovers the Newtonian potential in a form identical to that obtained by Randall and Sundrum [1] . The leading order term in Eq. (54) due to the bound state wavefunction is the usual Newtonian potential but with a modified Newton constant. Since k −1 takes an expected value in the order the Planck length (or fundamental string scale) and r is the distance tested with gravity, for r >> 1/k, the continuum KK modes with m >> k, which are normally suppressed on the brane, would only sub-dominantly contribute to the potential generated by the 4d graviton bound state. Of course, for distances r << k −1 or at the origin, the continuum modes with m >> k would have unsuppressed wavefunction and hence as expected one gets the
In general, in 4+n > 5, small α ′ , and hence small ξ will be consistent with the fact that the contribution of higher-curvature terms in low energy limit is almost negligible. In fact, in AdS background, for solitonic or non-solitonic brane solutions,
Moreover, the R n corrections and any non-linear correction to the linearized Einstein-Hilbert action are much suppressed along the brane, and this suppression redefines a normalized 4d Newton constant to the brane observers.
Solitonic (D − 2)-branes in AdS D
Here we discuss some aspects of the solitonic brane solutions. As we mentioned in the last Section that by using a fine tuning condition ξ = 1, one can recover equivalent n copies of the RS-type non-relativistic Schrödinger equations. With ξ = 1, the fine tuning consitions reduces to
In order to analyse the physics more explicitly, we need to express the metric fluctuations again in a canonical form. After making a change of variables h µν = e (n+1)A(z i )/2ψ (z i )e ip·x ǫ µν in the equation (7), the non-trivial part of linear equations take the following form
As defined previously, i, j = 1, 2, · · · , n, and Eq. (58) would give n equivalent (n − 1) dimensional Schrödinger equations. Eq. (58) clearly implies that the so called "solitonic" solutions defined for a trivial brane localized stress energy tensor with the special fine tuning condition (14) or equivalently in the limit ξ → 1, has the structure which is formally the same as the "normal" or RS-type brane solutions in the limit ξ → 0. Some of the clear differences here are that (i) there is no bulk propagation of graviton in (4 + n)-dimension, (ii) the solitonic brane is δ-function like, which is also seen from the overall coefficient in (58), and (iii) there also one has information about the boundary condition(s) on the brane(s).
The last term in Eq. (58) implies the following boundary condition(s) to be satisfied at z i = 0, i.e.,
This gives a boundary condition along each extra z i -direction (i = 1, 2 · · · n), and the sum of them gives a boundary condition at the origin z 1 , z 2 · · · , z n = 0, i.e., at the location of four-dimensional brane intersection. Therefore, with the tuning condition ξ → 1, the (n − 1)-dimensional Schrödinger equations with n extra dimensions take the form
where A = log (k p |z p |+1) and i, j = 1, 2 · · · n, i = j. Eq. (60) can be rewritten as a supersymmetric quantum mechanics problem of the form
where (n − 1)-vector of supersymmetry charge Q is
and the zero-energy wavefunction annihilated by Q, up to normalization, isψ 0 (z) ∼ e −(n+1) A(z)/2 .
The bulk equations along z j -directions are given by
The case for n = 2 is easy to analyse, and this has been also recently studied in Ref. [20] .
Solitonic 4-branes in AdS 6
For the n = 2 case, there are two five dimensional bulk equations of graviton, and the continuum of KK modes can propagate along the solitonic 4-branes located at the z 1 and z 2 axes. These mode solutions are given by the linear combination
where j = 1, 2. The coefficients B m are determined from the boundary conditions and δ-function normalization condition, and which are readily read off
Now considering the contribution of KK graviton exchange to the non-relativistic gravitational potential between two point masses m 1 , m 2 placed on the intersection of two orthogonal solitonic 4-branes with a separation of r, one finds the total contribution of the Newtonian potential to be
and |ψ m (0)| 2 ∼ m/(4k) have been used.
Solitonic 5-branes in AdS 7
In the string theory context, it has been pointed out in [20] that the study of a wrapped 5-brane in the near horizon geometry of the D3 branes could describe the behavior of localized gravity at the D3 − D5 brane intersection(s). It has also been conjectured in [4] that a D-brane object can be identified as the solitonic brane solution in some context of the Type IIB string theory. Though, the present analysis may have nothing to do with the above observations, a simple treatment of solitonic 5-brane in AdS 7 space, is still helpful to understand gravity localization in the "solitonic" brane-world picture. Also, in order to explain an exponential determination of the Weak/Planck hierarchy one can place another 3-brane at a distance of few hundreds of M −1 P l (∼ M −1 * ) from the four-dimensional brane intesection of (2 + n)-branes [2] .
into the Einstein-Hilbert action, and also to provide a complementary description of the Newtonian potential correction to the long-range interaction due to continuum modes living in bulk. In this connection, we have also determined the effective 4d Planck scale M P l and explicit expressions of the graviton propagators in general (4 + n)-dimensions. We also discussed some general features of localized gravity with higher curvature (HC) terms for non-solitonic branes (i.e., "normal" or RS-type branes supported by δ-function-like sources) and solitonic branes (the branes for which the brane localized stress energy tensor is identically zero) with any number n of extra dimensions.
The present analysis, as a generalization of intersecting brane configurations in (4+n)-dimensional AdS background with GB term, could reveal some interesting features of localized non-solitonic ("normal") brane-world gravity or solitonic brane-world gravity created by non-dynamical sources, i.e., in the absence of fields other than gravity. It also sends a clearer message that solitonic solution has the structure which is formally the same as for "normal" or RS type solution. For normal solutions, the role of the Gauss-Bonnet term at distance scale much larger than the AdS curvature radius is miniscule to the point of being negligible, as one would expect from decoupling. As a result, it is observed that the HC terms in the GB combination do not affect the 4d massless graviton mode on a brane at large distance scales, and quite remarkably, such terms for n ≥ 1 give further information about the boundary condition(s) to be satisfied on the brane(s) or at the intersection(s) thereof. Importantly, for n = 2, the GB term can support the feasible singularities at the branes, and allows a non-trivial brane tension at the four-dimensional brane intersection. That is, for a non-zero GB coupling α there is brane-brane interaction tension localized at the intersection. Our solution has clearly two-folds: a meaningful extension of the RS model with an extra non-compact dimension to an arbitary n, and a natural generalization of the ADDK [2] scenario of infinite large new dimensions including contribution of the HC terms into the effective gravitational action.
For the Einstein-Hilbert action, it is known that a single scalar field can creat only a single (2 + n)-brane in (4 + n)-dimensions [6] , and hence one needs a complex or multiple scalar fields to generate intersecting branes in the presence of gravity. Pertinent to the present analysis, however, it might be interesting to understand whether the conformally-flat intersecting brane configurations can be generated from a single scalar field when higher derivative terms are introduced or one still needs multiple scalar fields. Indeed, a more precise consideration would be needed for this. It is also interesting to understand the exact behaviors of the scalar perturbations (radion or/and dilaton) with or without higher derivative terms to make the brane-world picture more realistic. Some aspects/behaviors of the scalar-tensor fluctuations on the brane have been recently studied in [30] and it would be of interest to extend the discussion on scalar-tensor fluctuations to the case of higher curvature gravity coupled to dilaton (or scalar field). In the text we have defined H ab = 2αI ab +2βJ ab +2γK ab , which further reduces to H ab = 2α (I ab − 4J ab + K ab ) when the curvature squared terms are expressed in the GB combination. .6) where "bar" represents the value taken at the background.
One may express the linear equations in the following form Of course, we need to justify this approach. We note that one can write δT ab =T ac h b c and δĤ ab = δH ab −H ac h b c only ifḡ ij h ij = δ ij h ij = 0 and h µi = 0. That is, one is forced to work on axial gauge g µa = 0, and this is the choice we have adopted in the text.
